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Abstract 

In [T7] A. Rapcsak obtained necessary and sufficient conditions for the projective 
Finsler metrizability in terms of a second order partial differential equations. In this 
paper we investigate the integrability of the Rapcsak system, consisting of the Rapcsak 
equations and the homogeneity condition, by using the Spencer version of the Cartan- 
Kahler theorem. We also consider the extended Rapcsak system, where the first 
integrability conditions are included. 
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1 Introduction 

Last year we celebrated the 100 th years of the birth of Andras Rapcsak. He was one 
of the founder of the Finsler Geometry research school in Debrecen. Rapcsak’s results 
are still relevant and up to date, as several recent citations show it. His most important 
results concern the projective Finsler metrizability problem, where one seeks for a Finsler 
metric whose geodesics are projectively equivalent to the solutions of a given second order 
homogeneous ordinary differential equations (SODE). 

The projective Finsler metrizability problem can be considered as a particular case of 
the inverse problem of the calculus of variations. Rapcsak m obtained necessary and 
sufficient conditions for the projective Finsler metrizability in terms of a second order 
PDE system, called now Rapcsak equations mmm- The coordinate free formulations 
of these equations can be found in [ID Eo]. Rapcsak’s approach is simple and natural: 
one finds conditions directly on the Finsler function that one seeks for. Recently several 
new results appeared about the projective Finsler metrizability problem I3U6U71 E8UHUI3] . 
We remark that, altough in these papers the Rapcsak equation is usually mentionned, the 
new results were obtained by different approaches, for example by the so-called multiplier 
method, where one seeks for the existence of a variational multiplier matrix. In [7j the 
generalized Helmholtz system was considered and in [3] a system in terms of a semi-basic 
1-form was investigated. In this paper, in the perspective of the projective metrizability 
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problem, we consider the Rapcsak system , which consists of the homogeneity equation m 
and a second order differential equation ([9]), called the Rapcsak equation. We investigate 
the integrability of the Rapcsak system by using the Spencer version of the Cartan-Kahler 
theorem. 

The structure of the paper is as follows. In Section [2] we give a brief introduction to 
the Frolicher-Nijenhuis theory and to the canonical structures on the tangent bundle of a 
manifold. We also introduce the main structures one needs to discuss the geometry of a 
spray: connection, Jacobi endomorphism, curvature. We also recall the basic tool of the 
Cartan-Kahler theory. 

In Section [3] we use the geometric setting presented in Section [2] to show that the 
Rapcsak system gives necessary and sufficient condition for the projective metrizability 
problem. Alternative proves can be found in HU [20]. We discuss the integrability of the 
Rapcsak system by using conditions provided by Cartan-Kahler theorem. We conclude 
the chapter by showing that there is only one obstruction to the formal integrability of Pi. 
This obstruction is expressed in terms of the nonlinear connection induced by the spray. 

In Section U we investigate the formal integrability of the extended Rapcsak system 
composed by the Rapcsak system and its integrability conditions found in Section [3l We 
show that the obstruction to the integrability of this new system can be expressed in terms 
of the curvature tensor of the nonlinear connection induced by the spray. For some classes 
of sprays the curvature obstruction is identically satisfied: flat sprays, isotropic sprays, and 
sprays on 1- and 2-dimensional manifolds. For each of these classes the Weyl curvature of 
the spray is zero. Although, for some of these classes the projective metrizability problem 
has been discussed before by some authors, our approach in this work is different. This 
approach gives also the possibility to push forward the computation and consider sprays 
with non vanishing Weyl curvature. We remark however that in that case the computations 
are long and complex because the symbol of the correspondent differential operator may be 
not involutive. By computing the appropriate Spencer cohomology groups one can prove 
that it is not 2-acyclic either m which shows that higher order compatibility conditions 
arises. The analysis of this new system will be the subject of an other publication. 

2 Preliminaries 

Throughout this paper M will denote an n-dimensional smooth manifold. C°°{A1) denotes 
the ring of real-valued smooth functions, X(M) is the C°°(M)-module of vector fields on 
M, tt : TM —>• M is the tangent bundle of M, TM = TM\{0} is the slit tangent space. 
We will essentially work on the manifold TM and on its tangent space TTM. When 
there is no danger of confusion, TTM and T*TM will simply be denoted by T and T*, 
respectively. VTM = Ker tt* is the vertical sub-bundle of T. We denote by A fc (M), S k (M ) 
and T k (M) the C^Mj-modules of the skew-symmetric, symmetric and vector valued k- 
forms respectively. Similarly, we denote by A k (TM) and fJ'(TM) the C°°(TM)- modules 
of semi-basic A:-forms and semi-basic vector valued A:-forms. 

The Frolicher-Nijenhuis theory provides a complete description of the derivations of 
A(M) with the help of vector-valued differential forms, for details we refer to (9|. The z* 
and the d* type derivation associated to a vector valued /-form L will be denoted by 
and di. They can be introduce in the following way: if L £ T l (M), then 

i L u(X 1 ,...,X l ) = u(L(X 1 ,...,X l )), 

where X\ ...., X\ £ 3£(M), u £ A 1 (M). Furthermore, d^ is the commutator of the deriva- 
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tions iL and d, that is 


d L ■= [il j d] = i L d - (-l) z l di L . 

We remark, that for X £jf(M) we have dx = £x the Lie derivative, and i x is the substi¬ 
tution operator. The Frolicher-Nijenhuis bracket of K £ T k (Ah) and L £ \E^(M) is the 
unique [K, L] £ T k+l form, such that 

AkPl] = d[ K>L y 

In the special case, when K £ T 1 (M), X. Y £ 3L(M) we have [K. X] £ 'L 1 (Af) defined as 

[K,X](Y) = [KY,X}-K[Y,X]. 


Spray and associated geometric quantities 


Let J : TTM —> TTM be the vertical endomorphism and C £ X(TM) the Liouville vector 
field. In an induced local coordinate system ( x l ,y l ) on TM we have J = dx 1 <8> JP, and 
C = y i JP. Euler’s theorem for homogeneous functions implies that L £ C°°(TM ) is a 
1 -homogeneous function in the y variable if and only if 


y'w- L=lx 


(l) 


The vertical endomorphism satisfies the following properties: J 2 = 0, Ker J = Im J = VTM 
and [J, C] = J. 

A spray is a vector field S on TM satisfying the relations JS = C and [C, S] = S. 
The coordinate representation of a spray S takes the form 


s=v '-L^ nx ’ v) w 


where the functions f l (x,y) are homogeneous of degree 2 in y. The geodesics of a spray 
are curves 7 : / —>■ M such that £'07 = 7 . Locally, they are the solutions of the equations 


X 1 = P ix,x), i = l,...,n. (2) 

Two sprays S and S are called projective equivalent , if their geodesics coincide up to an 
orientation preserving reparametrization. It is not difficult to show that S and S are 
projective equivalent if and only if they are related, by the formula: 

S = S- 2 VC, (3) 


where V £ C°°(TM) is a 1-homogeneous function. 

To every spray S a connection Y := [J, S] can be associated. We have T 2 = Id. The 
eigenspace of T corresponding to the eigenvalue —1 is the vertical space VTM , and the 
eigenspace corresponding to +1 is called the horizontal space. For any x £ TM we have 
T X TM = H X TM®V X TM. The corresponding horizontal and vertical projectors associated 
to T are denoted by h and v. One has 

h = 7 j(Id + T), v = 7 j(Id — T). (4) 

The curvature R = [h. h] of the connection is the Nijenhuis torsion of the horizontal 

projection h. The Jacobi endomorphism (or Riemann curvature [21] 4 is defined as = 
isR■ The Jacobi endomorphism determines the curvature by the formula R = |[J, <3?]. 
The spray S is called flat if its Jacobi endomorphism has the form = A J and isotropic , 
if <h = A J — a (8> C with some A £ C°°(TM), a £ A \(TM). 
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Finsler structure 


A Finsler function on a manifold M is a continuous function F: TM —> R, which is 
smooth and positive away from the zero section, homogeneous of degree 1, and strictly 
convex on each tangent space. The energy function E : TM —>• M associated to a Finsler 
structure F is defined as E := \F 2 . The 

d2 E 

^ lJ ' dyfdyi 


is positive definite at any points (x,y) £ TM. The pair ( M,F ) is called Finsler manifold. 
The geodesics on the Finsler manifold (M, F) are the solutions of the Euler-Lagrange 
equation 


d dE dE 

— 7 -- - tt - = Oi i = l,...,n 
dt dx l dx l 


(5) 


It is not difficult to see that for any function E £ C°°(TM ) the 1-form 


uje = isddjE + dCcE — dE, (6) 

is semi-basic, and its coordinate representation takes the form uje = uJidx 1 where the 
coefficients u>i are the functions appearing in the left-hand side of the Euler-Lagrange 
equation ©• Therefore S corresponds to the geodesic equation of E if and only if the 
equation 

uje = 0 (7) 

holds. The spray S is called Finsler metrizable, if there exists a Finsler function such that 
for the corresponding energy function (0 holds, and S is projective Finsler metrizable, if 
it is projective equivalent to a Finsler metrizable spray. 


Formal integrability 

To investigate the integrability of the Rapcsak system we shall use Spencer’s technique of 
formal integrability in the form explained in m- For a detailed account see {5]. We recall 
here the basic notions in order to fix the terminology. 

Let B be a vector bundle over M. If s is a section of B, then jk(s) x will denote the 
k th order jet of s at the point x £ M. The bundle of k th order jets of the sections of 
B is denoted by J^B. In particular 4(1 m) will denote the k th order jets of real valued 
functions, that is the sections of the trivial line bundle. Let B\ and B 2 be vector bundles 
over M and P: Sec(B\ ) —>• Sec{B 2 ) a differential operator. An s £ Sec(B\) is a solution 
to P if Ps = 0. 

If P is a linear differential operator of order k, then a morphism Pk{P) '■ Jk(B \) —> 
L >2 can be associated to P. The / th order prolongation pk+i(P): Jk+i(B\) —>• Ji(Bo) 
can be introduced in a natural way by taking the I th order derivatives. Solk+i, x (P ) : = 
Ker Pk+i, x (P) denotes the set of formal solutions of order l at x £ M. Obviously, we have 

Ps = 0 => ji x (s) £ Sok tX {P), 

for every l > k and x £ M. The differential operator P is called formally integrable if 
Soli(P) is a vector bundle for all l > k, and the restriction 7f/. x : Soli + i, x (P) Sol^ x (P) of 
the natural projection is onto for every l > k. In that case any k th order solution or initial 
data can be lifted into an infinite order solution. In the analytic case, formal integrability 
implies the existence of solutions for arbitrary initial data (see. [5], p. 397). To prove the 
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formal integrability, one can use the Cartan-Kahler theorem. To present it, we have to 
introduce some notations. 

Let ak(P) denote the symbol of P determined by the highest order terms of the opera¬ 
tor. It can be interpreted as a map crfc(P): S k T*M®B\ —»■ B 2 . 07 .+/(P) : S k+l T*M®B\ —> 
S l T*M <g> Bo denotes the symbol of the I th order prolongation of P. If £ = {ei... e n } is a 
basis of T X M , we set 

9k,x( p ) =Ker a kiP (P), 

9k,x( P )ei...ej = {^4 G 9k,p{P) \ Pi ^4 = • • • = i ej . A = 0}, j = 1, . . . , 71, 

The basis if is called quasi-regular if one has 

n 

dim gk+i t x{P) = dim gk, x (P) + ^ dimg fc ,x(P)ei...e r 

i=i 

A symbol is called TO'cohxfrceQ if there exists at any x E M a quasi-regular basis. The 
notion of involutivity allows us to check the formal integrability in a simple way by using 
the following 

Theorem 2.1. [Cartan-Kahler]. Let P be a k th order linear partial differential operator. 
Suppose that P is regular, that is Solk+i(P) is a vector bundle over Solk{P ). If the map 
7ffc: Solk+i(P ) —> Solk{P) is surjective and the symbol is involutive, then P is formally 
integrable. 

It can be shown that the condition of the existence of a quasi-regular basis can be 
replaced by a weaker condition. The obstructions to the higher order successive lift of the 
fcth or j er solution are contained in some of the cohomological groups of a certain complex 
called Spencer complex. 

Using a classical result in homological algebra gives, the surjectivity of ifk+\ can be 
verified in the following way m- 

Proposition 2 . 2 . There exits a morphism (/?: Solk(P) —>• Coker such that the 

sequence 

Solk+i(P) ^ Solk(P) ^ Coker (a k+1 (P)) 
is exact. Therefore is surjective if and only if ip = 0. 

Remark 2.3. The map cp is called obstruction map and Coker (crfe_|_i(P)) is called obstruc¬ 
tion space , because a k th order solution s£Solk{P) can be prolongated into a (fc+l) st order 
solution iff ip(s) = 0. In particular, if Coker (< 7 *._|_i(P)) = {0} then there is no obstruction 
to the prolongation. 

In the practice the map ip and therefore the integrability conditions can be computed 
as follows: 

Remark 2.4. Let be r: T*®B 2 —> K a morphism such that Ker r = Im(P). Then K 
is isomorphic to Coker (<Tfc+i(P)). Moreover, if Sk :X = jk(s)x is a k th order solution, that is 
( Ps) x = 0 , then 

<p(sk,x) = t(V(Ps))o;, 

where V is an arbitrary linear connection on the bundle B 2 - 

1 In the works of Cartan, and more generally in the theory of exterior differential systems, ’’involutivity” 
means more than the existence of a quasi-regular basis and it refers to ’’integrability” (cf. [5], p.107, 140). 
Here we are following the terminology of Goldschmidt (cf. [5], p. 409). 
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Remark 2.5. Let (x*) be a local coordinate system on M, (x l ,y l ) the associated coordi¬ 
nate system on TM in the neighborhood of v € TM. If jk(F) v € is a £;th order 

jet of a real valued function F on TM we set 


d'F 


*ll—lalg+l—ll ■ 


dx 11 ... dx la dy la + 1 ... dy H 


(v), 


1 < l < k. 


( 8 ) 


Then (s, Si, sf) and (s, Sj, Sj, Sjj, Sjj , Sj_j) give coordinate systems on Ji (Kta/) and 
respectively. 


3 Differential operator of the projective metrizability 

In this section we derive the PDE system describing the necessary and sufficient condition 
for a spray to be projective Finsler metrizable. We have the following 

Proposition 3.1. A spray S is projective Finsler metrizable if and only if there exists 
a 1-homogeneous Lagrange function F: TM —>-R, such that q^q j is positive definite on 
TM and 

isddjF = 0. (9) 

Proof. The spray S is projective Finsler metrizable if and only if there exists a Finsler 
metrizable spray S which is projective equivalent to S. Because of the projective equiva¬ 
lence, there exists a function V, such that S = S — 2 VC. Let us denote by F the Finsler 
function associated to 5. It is well known that F is invariant by the parallel translation 
associated to the connection T = [ J , S'] and therefore we have d-^F = 0. Using the relation 

h = h — VJ — djV <g> C 

between the horizontal projectors (0, chapter 4) and the 1-homogeneity of F, we get 
0 = d~ h F = d h F - d-pjF - djVCF = d h F - VdjF - FdjV = d h F - dj{VF). (10) 
Substituting S in ffTOl) and using JS = C and the homogeneity of F and V. we get 

isdjF = SF — CifPF) = SF - 2 VF = 0 

and we can find, that the projective factor is V = -i SF. Replacing V in (HOD by the above 
expression we get 

d h F - dj^(FdsF)) = d h F - ^dj(dsF) = 0. 

Using (j4]) and the relation d[j,s] = djds — dsdj we can obtain 

0 = dr+iF - djdsF = d[j t s]F + dF - djdsF 
= —{jsd + dis)djF + dF = —isdd jF — dCF + dF = —igddjF. □ 

We note, that a coordinate version of the above theorem was proved by A. Rapcsak in 
H2 and a coordinate free version was given in nungEm. Here we presented a different 
proof. 
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Definition 3.2. Let S be a spray on M. The partial differential system composed by the 
equation (|9|) and the 1-homogeneity condition (P) is called the Rapcsak system. 

According to Proposition 13.11 the projective metrizability leads to the investigation of 
the Rapcsak system. 

Remark 3.3. The Rapcsak system is equivalent to the system composed by the Euler- 
Lagrange equations © and the 1-homogeneity condition (pQ). 

We remark that the system composed by the Euler-Lagrange equations and the k- 
homogeneity condition for k ^ 1 can be reduced to a first order partial differential system 
which can be interpreted in terms of the holonomy distribution associated to the spray S. 
When k = 2, (this case corresponds to the Finsler metrizability problem) the computation 
can be found in PHI- The same reasoning can be applied for other value of k, k^l. But 
this method cannot be used for the value k = 1. Nevertheless, in some special situations, 
the Rapcsak system can also be reduced to a first order PDE system. This is the case 

for example for the canonical spray of a Lie group, if one seeks for an invariant solution 

to the projective Finsler metrizability problem. In that case, the Rapcsak system can be 
reduced to a first order system, and one can show, that the invariant Riemann, Finsler 
and projective Finsler meterizability problems are equivalent [H]. 

Integrability conditions of the Rapcsak system 

Let us consider the differential operator P\ corresponding to the Rapcsak system: 

Pi = (Ps,Pc), (11) 

where 

Ps : C°°(TM ) —► SecT*, P S (F) = i s ddjF, (12) 

P c : C°°(TM ) —> C°°(TM), P C (F) = C c F - F. (13) 

From the local expression it is clear that Pc is a first and Ps is a second order differential 
operator. The associated morphisms are defined on the first and second order jet spaces 
respectively. Using the coordinate system © we get 

Pi(Pc)'- Ji(M-tm) —» ji(F) —» y l Fi~ F, 

p 2 (P S ) : J 2 (M T m) —► T*, j 2 (F) —► (y i F ii +f i F ij -F j )dx i -(F i +yiF ij -Fddy i . 

The interesting feature of the Rapcsak system is that it is composed by differential opera¬ 
tors of different orders. To find the integrability conditions of the system we consider the 
prolongation of the lower order equation. The morphism associated to this system is 

P2(Pl) = P2(P S ) x P2(Pc) ■ J 2 O&TM) -> T* X Ji(M-tm)- 

Proposition 3.4. A 2 nd order solution of Pi = (Ps,Pc) atxeTM can be lifted into a 3 rd 
order solution, if and only if one has irddjF = 0 at x, where T = [ J, S'] is the canonical 
nonlinear connection associated to S. 

Proof. The symbols are defined by the highest order part of the operators. For Pc we find 
ai(P C ): T* —> M, a 1 (P c )A 1 = A^C). 
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The symbol of Ps and the prolongation of the symbol of Pc are 


a 2 (P c ): S 2 T* —> T*, (a 2 (P c )A 2 )(X) = A 2 (X,C ), 

a 2 (P s ): S 2 T* —>T*, (a 2 (P s )A 2 )(X) = A 2 (S,JX) - A 2 (X,C), 

for every X gT, A 3 gT* , A 2 G S 2 T*. The prolongations of the symbols at third order level 
are 


a 3 (P c ) :S 3 T * —> T*<S) S 2 T *, ( a 3 (P c )A 3 )(X,Y ) = A 3 (X,Y,C), 

a 3 (P s ) :S 3 T * ( a 3 (P s )A 3 ) (X, Y) = A 3 (X, 5, JY) - /L 3 (X, Y, C), 

where X , Y € T, /1 3 G <S ,3 T* and we have 

<x 3 (Pi) = M^s),^^)): S 3 T * —► (T*(g> T*) x P 2 T*. 

Let us consider the map ri := (t« 1, r|, t«j C , rj^) where 

t^(5 s ,5 c )(X,Y) = Bs(JX, hY) — Bs(hY, JX) — Bs(JY, hX)+Bs(hX, JY), (14) 


t 2 (Bs,B c )(X ) =B s (X,S), (15) 

t sc(B S , B c )(X, Y) = Bs(X, JY) + Bc(X, JY), (16) 

t sc(B S i B c )(X, Y) = B s (C,hX) - B c (S,JX) + B c (hX,C), (17) 

for B S GT*® T*, B c G P 2 T*, X,YgT. 

Lemma 3.5. ITe hawe Im <r 3 (Pi) = Kerri that is, if we denote K\ = Im n then the sequence 
S 3 T* - fT3(Pl - > (T*<8) T*) x S 2 T* Ad ->• 0 (18) 


is exact. 

Proof. By the construction, we have to check the exactness in the second term. It is 
easy to compute that a 3 (P\ ) o n = 0 and therefore Im a 3 {P \) C Ker n. Let us compute 
dimKera 3 (Pi). We consider the basis 

13 . — {hi i • • ■; h n ,v\,..., C T x , (19) 

where hi are horizontal, h n = S, Jhi = Vi, i = l, ... ,n (and therefore v n = C). In the sequel 
we denote the components of a symmetric tensor A G S k T* with respect to (1191) as 

■— A(hi 1 ,..., h'ij , Vij + i i ■ ■ ■ i v ik)- ( 20 ) 

It is clear that Kercr 3 (Pi) = Kercr 3 (Ps) fl Ker a 3 (Pc). The symmetric tensor A G S 3 T* is 


in Ker<T 3 (PcO if 

Aijn — A,jn — A/Jn — 0 , (21) 

and A G S 3 T* is an element of Ker<7 3 (Ps) if 

^(-Ps) (-'4) {.hi , hj ) — A(hi,h n ,Vj) A(lii,hj ,v n ) — Ai n j A^n — 0, (22) 

a 3 (Ps)(A)(hi,Vj) = -A(hi,Vj,v n ) = -A^n = 0, (23) 

&3{Ps)(A)(yi, hj) — A(vi, h n , Vj) A(vi, hj,v n ) — Ai n j Ajjn — 0, (24) 

a 3 (P s )(A)(vi,Vj) = —A(vi, Vj,v n ) = -A^n = 0, (25) 
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for i,j = l,...,n. Taking into account the symmetry of A we have 2 _|_ n 2 inde¬ 

pendent equations in (12T1) . Moreover, counting the independent equations in (l22l) - (l25l) 
we get that (1231) and (1251) trivially hold because of (1211) . From ()22[) we have only n 2 — n 
independent equations because for j = n the equations are trivially satisfied, and from (1241) 
we have n(n 2 ^ independent equations because again, for j = n they are trivially satisfied. 
Consequently, we have 2 2 n 2 — n + '^ ? 2 ^ = 7n 2 ~ n independent equations in the 
system (EU-dSSJ). Therefore we get 


dim (<73 (Pi)) = dimKercr 3 (Pi) = dim S^T* - 7n - = — - ^ + 7n (26) 

and 

Tt7^ — 71 

ranko- 3 (Pi) =---. (27) 

On the other hand, let us compute dim Kerri. The pivot terms for the equation r'f = 0 
are Bs(vi,hj), i<j<n. Furthermore, Bs(vi,h n ), Bs(hi,h n ), i = l,... ,n are pivot terms 
for rj = 0. Therefore the number of independent equations for KerrJ. and Ker rj are 
(n i)(n-2) anc j 2 ri) respectively. Moreover, the pivot terms for the equations Tg C = 0 and 
T sc = 0 are B s(hi,Vj), B s (vi,Vj), i,j = l,...,n, and B s (v n ,hi), i = l, ... ,n-l, giving in 
addition 2n 2 +n—1 independent equations. 


dim Ker n = dim S 2 T* +dim(T* <g>T*) 


(n — l)(n — 2) 
2 


+2n 2 +3?r —1 


7n 2 —n 

2 


(28) 


Comparing (1271) and (l28l) we get Im<r 3 (Pi) = Kerri- 


□ 


Proof of Proposition } The morphisms, the symbols and the obstruction map associated 
to the Rapcsak system can be represented in the following commutative diagram: 


gs(Pi) 

Sols(Pi) 

TV 2 

Soh(P\) 


—> s 3 t* 

e 

-—> 

7T2 

-—> J 2 (Rtm) 


(P®P) x S 2 T* K\ —> 0 

e 

Ji(T*) x J 2 (Mtm) 

7T0X7T1 

P* x Ji(Rtm) 


Let s=j2{F) x ^Sol2 )X {Pi) be a second order solution of Pi at x, that is 

(i s ddjF) x = 0 , (jr c F-F) x = 0, (V(£ c i ? -i ? )) a; = 0. (29) 

The integrability condition can be computed in terms of ri = (r^, rj, r^ c , rj c ). According 
to Remark El s can be lifted into a third order solution if and only if tp(s) = 0, where 
(p(s) = (riVPi(P)) x . Computing </?(s) we find that 

1. using the notation u := igddjF we have w x = 0 from (|29l) and 

r^(V(PiP)) x (A, Y) = Vw( JX, hY) - Vu(hY, JX) - Vw(JY, hX) + Vw(hX, JF) 
= JXuj(hY) - hYu(JX) - JYuj(hX ) + hXu(JY) = ijdio(hX , hF). 
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Moreover, dis = —isd + ds, ijds = i[j,s] + dsij and djdj = 0, we obtain that 

ijduj{hX,KY) x = (ijdsddjF—ijisdddjF) x {hX,KY) 

= (i[ JtS] ddjF + d s ijddjF) x (hX,hY) = ( i r ddjF) x (hX,hY). 

2. r|(V (PiF)) x = (Vu) x (X, S ) = X x u(S) = X x ddj(S , 5) = 0. 

3. Using the identity J[JX,S] = JX we have 

TsctVOPiiO)* = X x {i s ddjF{JY )) + X x (JY[CF - F)) 

= X,(- JYdjF{S) - djF([S, JY ])) + X x {JYCF - JYF) 

= -X x (J[S, JY]F) - X x (JYF) = X x (JYF) - X x (JYF) = 0. 

4. We have ddj(CF - F)(S, hX) = S(JX{CF - F)) - hX(C(CF - F )). Then 

t 2 sc (V(P 1 F)) x = C(i s ddjF(hX )) - S(JX(CF - F)) + hX(C(CF - F)) 

= d c ddjF(S, hX) - ddjd c F{S, hX ) + ddjF{S, hX ). 

Since djdc — dc.dj = due] = dj it follows that 

dcddjF — ddjdcF + ddjF = dcdd jF — ddcdjF = dcdd jF — dcdd jF = 0. 

From the above computation it follows that Lp(s) = (riV P\(F)) X = (irddjF x , 0,0, 0) and 
therefore the only condition to prolong a second order solution into a third order solution 
is given by the equation ( irddjF) x = 0 as Proposition 13.41 stated. ■ 


Proposition 3.6. The symbol of Pi = (Pg,Pc) involutive. 

Proof. Let us consider the basis B introduced in (fTUlh Using the notation (120T) we have 
g 2 {Pi) = Kera 2 (Pi) = {A G S 2 T*\A{X,C) = 0, A{S,JX ) = A(X,C)} 

= ^ A G S T | Aij = Aji , = -Aji ? A-277, — A n 2 — Aj n — A n { — 0^ 


and therefore 


n(n + 1) . . o n(n — 1) 2 , 

dim(g 2 (Pi)) =-2—“ + ( n - !) H-2-= n 2 + (n - l) 2 . 

Let us consider now the basis £ = {ej}i = i...2nj where 

£ = { h ,... ,h n -i, h n +vi + .. .+Vn , vi v n }. 


(30) 


(31) 


ei 


e n—1 


^n+1 


62 n 


Denoting the coefficients of 4 G S^T* with respect to £ by A^, we have 
92{Pi) ei ...e k = {AeS 2 T*\i ei A = 0,... ,i ek A = 0} 

= |aeS ,2 T*| Aij = Aji, A^ = Aji, Ain = A n i = Ain = Ani = 0, Aij = 0, Aij = 0, l < fcj- 


therefore 

dim(g2(Pi)) ei ... efc = 


(n-k)(n-k+l) + (n _ + (n—2)(n—1) , if < 


n, 


(n—2— k)(n—k— 1) 

2 * 


if A: > n, 
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and hence 


dimg 2 (-Pi) +^dimg 2 (-Pi)ei...e fc = n 2 + (n-l) 2 ^-^ + (n-/c)(n-l 

fc=i fc=i 

n(n—2)(n — l) (n — 2 — k)(n—k — 1) 8n 3 —9n 2 +7n JMJ , , . 

+ -^--2-=-6- = d,m93(Pl) ' 

k =1 

which shows that the basis (1311) is quasi-regular, and the symbol of Pi is involutive. 


□ 


Remark 3.7. Proposition 13.41 and 13.61 shows that the conditions of Theorem 12.11 are 
fulfilled if and only if for any initial data j 2 (P ) x of P\ we have also irddjF = 0. This is 
true if dim M = 1. However, when dimM > 2, this condition does not satisfied by every 
second order solution, that is not every second order solution can be lifted into a third 
order solution. Since the set of initial data is to large (containing some which cannot be 
prolongated into a higher order solution) we have to reduce it by adding the compatibility 
condition into the system. This leads us to consider the operator (Ps,Pc,Pr) where Pp 
is a second order operator defined as 

Pp : C°°(TM) Sec(A 2 P;), PpP := i r ddjF. 

Remark 3.8. If S' is a spray and F is a 1-homogeneous Lagrangian, then we have 

P S F{X ) = i s ddjF(X) = ddjF(S, hX) = \i v ddjF(S , hX) = PpP(S, hX ) 

for every X E T. Consequently, if P is a solution of Pp then it is also a solution of Ps, that 
is Pp contains in particular the equations of Ps- That lead us to drop from the system Ps 
and consider the extended Rapcsak system as: 

P 2 = (Pr,Pc)- (32) 

It is clear that a function is a solution to the Rapcsak system if and only if it is a solution 
of the extended Rapcsak system. 


4 Integrability condition of the extended Rapcsak system 

In this chapter we investigate the integrability of the extended Rapcsak system P 2 = 
(Pp, Pc')- Our method is similar to the one we used in Chapter [3j 

Proposition 4.1. A 2 nd order solution s = j 2 (P) x of the system P 2 = (Pp,Pc) atx E TM 
can be prolongated into a 3 rd order solution, if and only if {iRddjF) x = 0. 

Proof. The symbol of the operator Pp and its first prolongation are 

a 2 (P r ): S 2 T* —»• A 2 P*, (a 2 (P r )A 2 )(Y, Z) = 2(A 2 (hY, JZ)-A 2 (hZ, JY)), 

a 3 (P r ): S 3 T* -> r*<g>A 2 r;, (^(Pr^KX, Y. Z ) = 2 (A 3 (X, hY , JZ)—A 3 (X, hZ, JY)), 

where X, Y, Z E T, A 2 E S 2 T*, A 3 E S 3 T*. Let us consider the map 

72 := (Tp,Tp, rpc) (33) 
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defined on ( T*®A 2 T*)x S 2 T* with 

4(B r , B C ){X , Y, Z ) = B r (hX, Y, Z) + B r (hY, Z, X) + B r (hZ , X, Y), (34) 

Y, Z) = B r (JX, Y, Z) + B r (JY, Z, X) + B r (JZ , X, X), (35) 

T rc (B r , B C )(X, Y) = \B V {C , X, Y) - B c (hX, JY) + B c {hY, JX), (36) 

where B r eT*®A 2 T,r, B c eS 2 T*, X,Y,ZeT. We have the following 


Lemma 4.2. Let K 2 be the image o/t 2 . Then the sequence 

S 3 T* °YP 2 ) > A 2 T *^ x S 2 T * _X_>. k<2 —> 0 (37) 


is exact. 


Proof. A simple computation shows that U 3 (P 2 ) or 2 = 0, and therefore Inroad)CKerr 2 . 
Let us compute the rank of 03 (P 2 ). By using the basis (fT9l) and the notation (1201) . a 
symmetric tensor A G S 3 T* is an element of Ker < 73 (^ 2 ) if in addition of the relations 
describing the symmetry properties, the equations (HUT) and the equations 


Aijk — Aikj , Ajjk — ^-ikji A j , A: — 1, . . . , 71, (38) 

hold. We obtain from (1381) that all of the blocks (1201) are totally symmetric, and Aij n = 
Aij n = Aij n = 0. That way there are n ( n +T( n + 2 ) f ree components in the block A^k and 
(?t i)n(»+i) components to choose in each of the blocks Aijk, A^k and A^k- That is 


dimto(ft)) ^ " (n +1)( " + 2) + 3 ( " ~ 1)n( " ±A = 4 " 3 + 3 " 2 ~", (39) 

6 6 6 

and 

rank a 3 (P 2 ) = dim S 3 T* - dim(£f 3 (P 2 )) = ^ + ^ + ^ • (40) 

6 

On the other hand, considering the equations of Ker r 2 , we can find that the pivot terms 
for Tp = 0 and for Tp = 0 are B F (hi,hj,hk ) and B F (vi,hj,hk ), i < j < k, respectively. 
Therefore each of them give (!() independent equations. Furthermore B F {v n , hi,hj ), i < j , 
i, j = 1... n, are pivot terms for Trc = 0 which gives w ^ 2 ^ independent equations. Hence 


dim Ker t 2 


dim S 2 T*+ dim(T*® A 2 T;)-2 



n(n — 1) 
2 


4n 3 +9n 2 +5n 

6 


(41) 


Comparing the dimensions m and (SB one can find that rank 03 ( 7 - 2 ) = dim Ker r 2 and 
the sequence (HTTP is exact. □ 


Let us turn our attention to the proof of Proposition 14.11 We have the following commu¬ 
tative diagram: 


53 (^ 2 ) 

Soh(P 2 ) 

7T2 

Sol 2 (P2 ) 


—> S 3 T* 

e 

-—* ^(IRtm) 

7T 2 

-—)• J 2 (Mtm) 


(r®A 2 r;)x5 2 r k 2 —> o 

e 

J 1 (A 2 Tf)xJ 2 (R T M) 
x Ji(R tm ) 
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Let s=j 2 (F) x be a second order solution of P 2 at a point x, that is (P 2 F) X = 0. We have 

(i r ddjF) x = 0, (jC c F-F) x = 0, (V(C c F-F)) x = 0. (42) 

The integrability condition can be computed with the help of the map r 2 (see Proposition 
12.21 and 12.41) . Indeed, s £ Sol 2 jX (P 2 ) can be prolongated into a third order solution if and 
only if (p(s) = 0 , where cp(s) = (r 2 VP 2 (P)) X - Let us introduce the notation Q = ddjF. 
Using the component maps of T 2 introduced in (fTTll one can find 

1. t£(\7(P 2 F)) x = d h (i r ddjF) x = ( d h i 2 h-iddjF) x = (2(d h i h ddjF - d h ddjF)) x = 

= (2 d h {i h d — dih)djF) x = (2dhdhdjF) x = ( dftdjF) x = {ir Q) x . 

2. Tp(V (P 2 F')') x = dj(irty x = (dj(i2h-ity)x = (“ZdjihddjF — 2djddjF) x 

= (-2dji h djdF-2ijdddjF+2dijddjF) x = -(2dj(dji h dF + djdF)) x = 0 
where we used \d, dj] = 0, [i^, dj\ = djh — i[h,J\ and [</, h] = 0. 

3 . r rc (VP 2 (F)) a; (X,y) = ±Vi r n(C,X,Y) - S7P c F(hX, JY) + VP c F(hY, JX) 

= \d c irtt(hX, hY) - \i v d c ddjF(hX, hY) = ±d [c ,r]tt{hX, hY) [C = =0 0 . 

The above computation shows that ip(s) = r 2 (VP 2 (P)) a: = (ir£I x , 0,0) which proves Propo¬ 
sition ITT! ■ 


Proposition 4.3. The symbol of P 2 is involutive. 

Proof. We consider the basis (fill and use the notation (12U1) . We have 
<? 2 (P 2 ) = Ker 02 (Pi) = {A G S 2 T*\A(X,C) = 0, A(hX,JY) = A(hY,JX)} 

= ^yA € S 2 T*\ Aij = Aji, Aij = Aji, Aij = Aji , Ain = 0, j4 n j = o|-. 

Therefore dim(g 2 (P 2 )) = n ( n + 1 '> _)_ 2 L e t us consider the basis £ = {e)}^ 1 , where 

e t = h t + iv t , i = 1,... ,n - 1, 

— h n + ui + • • • + v n , 

&i+n — U; i — l, ... ,71. 


In the new basis the components of the block A % j = A % j can be expressed as a combination 
of the components A %3 as follows: when i 7 ^ j . then A t j = f-j (A t j — Ajj ), and if i=j we have 
Aa=A n j^—kT)(Ajk—Akj). Then, 

dim (g 2 (P 2 ))e 1 e k = { [ ™ 2 {n ~ k) + {n - l){n - k), ii k < U, 

2jj ei ...e k \ Q) if fc > n, 

and therefore 

2 n 

dim(g 2 (P 2 )) + ^dim( 5 2 (P 2 ))g i ... ?fc = 

n 


k =1 


n(n+ 1 ) | 0 (n —l)n 

T I “ “ 


k =1 


( n-k+l)(n-k ) U X m ,. , ( td w 

--- \-(n-l)(n-k) ) = dim(53(^2)), 


and the basis £ is quasi-regular. 


□ 
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From Proposition 14.11 and 14.31 using the Cartan-Kahler theorem, we get that the 
integrability condition of the extended Rapcsak equation can be given in terms of the 
curvature tensor and we have the following 

Theorem 4.4. Let S be a spray on a manifold M. If 

1. dimM = 2, 

2. the spray S is flat, 

3. the spray S is of isotropic curvature, 

then the extended Rapcsak equation is formally integrable. 

Proof. To prove the formal integrability one has to show that if/: Soli+i(P ) —>• SolflP) 
maps are surjective for any l > 2. Let s = j 2 (F) x be a second order solution of the system 
(Pr,-Pc') at x £ TM. According to Proposition 14.11 it can be prolongated into a 3 rd order 
solution if and only if ( iftddjF) x = 0 holds. 

1. If dimM = 2, then the space of semi-basic 3-forms is trivial, that is AJ(TM) = {0}. 
Therefore iRddjF = 0. 

2. If S is flat, that is = A J, then R = dj A A J. Using the integrability of the vertical 
distribution we get: i^ddjF = d^djF = dj\d?jF + d^jx A ijdjF = 0. 

3. If S is of isotropic curvature, then R takes the form R = a/\J + (3®C , where 
aeA l(TM), PeAl(TM). Then 

inddjF = i a AJ+/ 3 ®cddjF = a A ijddjF + fl A icddjF = 0. 

The above computation shows that in the above cases all 2 nd order solutions can be 
prolongated into a 3 rd order solution. Moreover, as Theorem 14.21 shows, the symbol is 
involutive. Therefore, according Cartan-Kahler theorem, the operator P 2 is formally 
integrable. □ 

Corollary 4.5. Let S be a analytic spray on an analytic manifold M. If M is 2- 
dimensional, or the spray S is flat, resp. of isotropic curvature, then S is locally projec- 
tively Finsler metrizable. 

Indeed, in the analytic context, formal integrability implies the existence of solutions 
for all the initial data. 

The integrability condition icddjF = 0 also appeared in [TJ. It can be shown (c.f. 0) 
that this integrability condition is equivalent to the equation i$ddjF = 0 or i\yddjF = 0, 
where <h is the Jacobi endomorphism and W is the Weyl tensor associated to S. 
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